B-Math-I1 Final Exam ; Analysis 3; Open Notes
Time : 2.30 hrs; Max Mark:70 ; 29 December 2021

1. a. Let F(z,y) := 2% + y® — 3oy — 4,(z,y) € R%. Show that there exists a
continuously differentiable function g defined by the equation F(x,y) = 0 in a
neighborhood of & = 2 such that ¢g(2) = 2, and also find its derivative.

b. Show that the function F : R? — R? defined by F(x,y) := (ysinz,z +y + 1)
is locally invertible at (0,1). (9+6)

2. Let —00 < a < b < 00 and let {z,,n > 1} be a sequence in (a,b). Let ¢, € R
such that Y |c,| < co. Let I4(x) be the indicator function of the set A. Let
n=1

f(z) = Z cnl(0,00) (T — 2), a <z <D
n=1

a. Show that the series defining f(x) converges uniformly in [a, b].
b. Show that f is continuous at each z # x,,. (54+10)

3. Let F: R — R with F(a) =b.

a. State suitable hypothesis on F such that it has a continuously differentiable local
inverse in a neighborhood of the point b. Prove your claim.

b. Define f(t) := t + tsin(}),t # 0; f(0) := 0. Show that f/(0) = 1. Does this
contradict your claim in part a) ? If yes, explain why. If no, explain why not.

(10 + 5)

4. Let F(z,y) := (e*cosy — 1,e%siny); Gy1(x,y) := (e cosy — 1,y); Ga(x,y) :=
(z, (1 + 2) tany); (z,y) € R%.

a. Show that F' = G2 o (1 in some neighborhood of (0, 0).

b. Compute the Jacobian DF(0,0) and verify the same using the chain rule.

c. Let Ho(z,y) := (z,€*siny), (z,y) € R% Find Hi(z,y) = (h(z,y),y) so that
F = H; o Hs in a neighborhood of (0, 0). (54+5+5)

5. Consider the 1-form 7 := ”“jjg%ggdz in RZ2—{(0,0)}. Let v(t) := (acost,asint),0 <
t < 2m,a > 0.Let {I'(t),t € [0,27]} be a simple closed smooth curve in R2—{(0,0)}.

Let r: T :=[0,2x] x [0,1] — S := r(T) be the 2-surface defined by
r(t,u) = (1 —w)T(t) + uy(t).

Assume that r is 1-1 and S C R? — {(0,0)}.

a. Show that dn = 0.

b. Describe the boundary 95 = r(9T).

c. Show that [n = 2m. (5+4+6)
r



